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DEFORMATTONAI, SOTL AIiIISOEROPY :

EXPERTMENTAI, EX¡ALUATTON AND IVIATHBÚTATTCAL MODELI}üG

ABSTRACT

The causes and nature of anisotropy in sands, clays and varved

earthen media is investigated. Based on experimenÈa1 evidence it ís

shown that anisotropic mechanical processes, occurring during formation

of natural deposíts, endow soils with a structure characterized by

anisotropic fabric (i.e. with a preferred orientation of particles or

particle units) and anisotropic interparticle force systems. As a re-

sult, soils exhÍbit anisotropic deformational characteristics. Upon

subsequent straining there tends to occur a reorganization of the inítial

anisotropic fabric, as particles and particle units tend to achieve a

more stable position, with an orientation perpendicular to the direction

of the applied maximr¡m stress direction. Therefore, the initial aniso-

tropy of the soil structure tends to be modífied in accord.ance with the

anisotropy of the imposed stress system. V'lhether eventually the soil will

bear the anisotropic characteristics of the initial or the applied system

depends primarily on the relative size of the forces of each system.

Methods to experimental.ly determine anLsotroplc stress-strain and

strength characterl.stLcs of solls are crltlcally reviewed and the reLative

meretsof various laboratory apparatuses are dLscussed. Particular emphasis
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is fÍnaIly gLyen to the phenornenological descripti.on (mathematlcal

modeling) of both lLnear reyerslble (elastlc) and nonlinear ùrreryersÈbLe

(plastic) deformatlon processes, and some new yielcling crlterJ.a and

hardening rul-es are reported.
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CHAPTtsR I-

IN1nRODUCTTON

lltre anJ.sotropl.c mecha¡rf.caL nature of soJ.Ls has been known slnce the

early ilays of develo¡ment of soll mechanLs. !'or instance, Casagrande &

Carlll-o (1944) tal-ked about shear strength anÍsotropy Ln soiLs and dis-

tinguished between ,L¡thUeyú. anÍsotropy, wtrich is present before ttre soil

is strained a¡¡d ls therefore a physical characteristic of the materiaL,

and, ÍnchtcQd anisotropyr which ilevelops rdue exclusively to the straín

associated wÍth an applied stressr. In more recent years the anisotropic

character of stress-straín behavlor of soíls has also been recognized

(pickerl.ng, L97Ol. ltoreover, attempts have been made to relate aniso-

tropLc mechanical behavior to anisotropic fabric and anisotropic interpar-

ticl-e force systems in the soil.

ft appears, however, that despl.te the significant anount of research

that has been conducted in many soil- laboratories throughout the world,

there are stLLl several widespread misconceptions regardl,ng sol.l anlso*

tropy. For instance, it is frequentJ.y cl-afmed that rsoiLs are not very
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anisotropic at small straíns but haye dl.fferent hehayior near .f,ailure for

different directl,onsof loadfngri in other words, only strength-anisotropy

is appreciabte. Or it is sømetJ.mes argued that strength anlsotropy can-

not be explained in terms of preferred particle orientatl.on; in other

words, anisotropic mechanical behatrior is not the manifestation of anLso-

tropic fstructurer of the soil. Moreover, the coeffícient of earth

pressure at rest, Ko, is often taken as a measure of soil anisotropyt it

is then expected that a soil with Ko = I is less anisotropic (or, perhaps,

isotropic) compared to a soil withr sâyr Ko = 0.5.

AII these misunderstandings regarding the anisotropy of soils speak

of the need for a comprehensive study, based on well-closumented, er<peri-

mental facts, of the causes, manifestation and experimental evaluation

of soil- anlsotropy. Such a study has been undertaken and ís reported

herefn.

[his report therefore attempts to provide ans$rers to the following

questions: lfhat are the causes of anisotropy in soils? How does soil
*structure I'register[ anisotropy? WhaÈ is the effect of anisotropy on

stress-strain-strength behavior of soils? How does an initial anisotropic

structure change due to changes in the appLíeil stress*system (llnherentr

1¡s rinducedr anLsotropy)? What are the currently ernpl-oyed o<perimental

techniques (in the laboratory and in the field) to measure anlsotropi.c

soil characteristics? And finally, how is such mechanical anisotropy

modeled for analysis purposes?

Throughout thls repo:ct the tergm soÈl r'qlinlqturert is taken to mean
the ccmbination of solL ilfäbricr' (whic['ffiTr,e orl.entatlon and
distributLon of partl.cLes) and interparticle or bonding force systems,

*
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to provid6 ân êns\{er to thes€ questtqnsr tlae report utili,zes

pubLLshedl and unpubli.shed experlmenÈaL errtélence regariling the anlso*

tropy of sands (chapter 2) , clays (chapter 3) anÉl va¡rrred rnedlla (chapter

4) . Ttren, chapter 5 presents methods to mathernattcaLLy moËlel el-astLc

and plastl.c anf.sotropic dleformatJ.on Ln sof.Is i some of these rnethocls are

new in the soll r¡echa¡rl.cs LLterature. FLnally, chapter 6 crLtÍcally

reviews laboratoq¡r and field techniques that are presently used to de-

termLne mechanical parmeters of anLsotroplc solls,
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CTTAPTER 2

AI{¡ISOTROPY IN SANDS

Structure anisotropy ín sands aríses chiefJ.y due to the infLuence

of, gtøvi,t! and gttO"Ln dløpe on the deposition process. Natural granular

soíIs are frequentLy deposited in approxímately horizontal l-ayers rxtder

ttre action of vertical gravÍty forces irqposing one-dimensional defornatÍons.

Such anisotropÍc modes of deposition endotr the material with an anisotropic

structure. úris anLsotropy exhibits a verticaL axis of rotational synunetry

ar¡d results in cross-anisotropic (transverselly isotropÍc) deformational

characteristics wittr greater vertical ttran horizontal stiffnesses.

Laboratory studÍes of such Ílthuent, anuoÐupØ in sands have only

recently begr:n following the devel-opment of better procedures for undis-

turbed sasplíng and specíal apparatuses for e:çerimental testing (e.g.

Arthur et al, L972'). However, índirect evidence of thís anisotropy had

been províded from fuLt--scale oçrerÍmentaL measurements of normal stresses
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6 and surface settlements of sand deposÍts sr:bJected to surface loads
2Z

(Cumningsr1935 ;U.S.Army Corps of Engineers lrlatenpays Er<¡reriment Station,

1954). The distribution of or= on horizontal planes at various depths

showed a larger concentration under the load axl-s than that predicted

by isotropic elasticity; on the other hand, surface settlements away

from the loaded area decreased faster than what Ísotropic elasticity pre-

dicted. Both observations can be explaíned by the cross-anisotropic de-

formational characteristics of sands which exhibit greater vertical than

horizontal stiffness.

In the sequel, experimental evidence of anisotropy in sands is

presented. Such evidence comes either from a microscopic examinaÈion of

the sand structure (including fabric and interparticle forces) or from

a phenomenological observation of the response of laboratory sand specimens.

2.L MICROSCOPIC MANIFESTATION OF SA¡{Ð ANISOTROPY

Many recent studies have shown that a given cohesionless soil may

have different fabrics at the same void ratio or relative density. Char-

acterization of the fabric of cohesionless soils can be done in terms of

graín shape factors, girain orientations, and interparticle contact orien-

tations. Furthermore, interparticle contact forces strongly depend on

the mechanics of the deposition process in addition to the shape and, glt-O'Ln

¿íze dÅltnLbubion¡ most grains are not equidimensional but they are at

least slightly elongated or tabular.

P ne Á ettnød I vt tenp an.ticle C o n tneJ 0 nLøn Ín tÅo n

In a gravitational field most of the interparticle contacts have

preferred horizontal orientatíons. These orientations can be described
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in terms of the pe.rpendicular directions Ni to the cottnon tangent plane

i at the contact point of two grains. The orientation of Ni is defined

by the angles c and ß measured from the horizonÈal and vertical axes,

respectively, as shown in Fig. 2.1a. oda (L972 arb) developed a pro-

cedure to determine the angul-ar freguency distributions of the normals

E(o,Ê) as a function of cr and Ê. His method involved the use of water-

resin solution as pore fluid in samples prepared to a specified void

ratio by tappingr; after the resin was allowed to harden, thin vertical

and horizontal sectíons of the specimen were cut with a diamond saw and

studied by means of a petrographic mícroscope. For a fabric with an axíal

synunetry around the vertical axis Z, the frequency S(ctrß) becomes inde-

pendent of c. Thus, the distribution of E(B) as a function of ß can

be used to characterize the distribution of interparticle contact normals.

Fig. 2.Lb portrays such distributions for four sands placed into a cylin-

drical mold by tapping. The horizontal dashed line represents the dis-

tribution for an ideally isotropic fabric. Tn at1 cases there is a great

proportion of contact plane normals in the near vertical direction. In

other words, there exists a marked preferred orientation of the normals

towards the direction of deposition.

By considering the projection of interparticle contact areas on

three orthogonal planes t<y, xz andyz, Oda calculated a fabric index from

the distribution of normals E(ß). Calting Sr, Sy and Sr, the summations

of all the projected contact areas on the xy, xz and yz planes, respectively,

ttie anì,|otnopic {abnic index is given by S"/S* or sz/sy. llhe preferred

orientation of normals translates into:

S

' ,!, s =s (2.1)
sxyx
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This (S_-/S--) index can be related to tÏrc n¡rbil-ized stress ratio (ol/o3)max'x'x

and to the dilatancy rate - dv/de., observed during triaxial testing.

It is emphasized that this preferred orientation of interparÈicle

contacts is observed even Ín sands composed of rounded particles. In

fact, Graton and Fraser (1935) showed that in a random packing of equal

spheres most of the tangent planes of ínterparticle contacts have small-

angle dips. This has also been confirmed by the e>çeriments of Kallstenius

and Bergau (I96f) whereby there was found a greater density of spheres

in the vertical than in the horizontal sections.

PneÁuned 0nL¿vttntÅ,o n o Lovn Axu oÁ Pan'tLelu

Elongated and flat-shaped sandy particles have a strong tendency to

adopt a preferential orientation with their maximt¡n dimensions aligned in

a horizontal plane, i.e. normal to the direction of deposition. This has

been confirmed by nunerous investigators (e.g., Parkin, Gerrard a Vüilloughby,

1968; Lafaber & fÍilloughby, 1971; Oda, L972 a,b¡ Mahmood, f973) - Some of

their findings are summarized herein.

Oda presented results of measurements of the orientations of long

axes for a large number of grains in the form of frequency histograms

such as those of Fiq. 2.2b. Particle orientation was characterized by

the angle 0 with respect to the horizontal (FiS. 2.2a). A sand con-

sisting of particles with an average length-to-width ratio of about 1.65

was placed in a vertical cylindrical mold by tappinqr its side. In these

histograms the orientation of each grain was assigned to one of the 15o

intervals between 0 = -90o and 0 = +90o. To determine the orientations

0r, photographic enlargements of thin sections from the resin-impregnated

samples were studied. Fig. 2.2b shows the frequency histoqrams of 0.
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from a vertical section (i,e., a section orientated parallel to the

direction of deposition)and a horizontal section (i.e.' normal to the

axis of deposition). It is evident frorn this figure that grains of sands

formed by tapping have their long axes allgned predomínantly in horizon-

tal planes, but slznunetrically about the vertical axis.

Parkin, Gerrard & V[illoughby (1968) reported results of a similar

experimental investigation regarding the fabric of Earlston Sand. Tri-

axial specimens were formed by pluvial compaction and impregnated with

synthetic resin. Using photographic enlargements of thin vertical and

horizontal sections from the specimens, the orientations of the long axes

of grains in each section were determined. The relative frequencies of

the grain axes were plotted in polar coordinates against the orientation

directions using 50 íntervals. Shown in Fig. 2.3 are some typical such

diagrams; they all reveal a pronounced tendency for particles to adopt

a preferred oríentation with their maximum dimension lying in the hori-

zontal (H-H) plane, syÍtrnetrically about the vertical (V-V) axis. Such

a cïoss-anisotropic fabric is conducive to much greater radial than ver-

tical compressibilities, as discussed in the next section.

The orientations of long axes on a vertical plane from two samples

of a well-graded crushed basalt \^/ere studied by Mahmood (1973). Frequency

diagrams in polar coordinates with loo intervals are shown in Fig. 2.4.

A completely random particle distribution would yield the shown dashed

circles. It is evident that samples prepared by pouring exhibit strong

preferred orientation of the long grain axes in the horizontal direction;

dynamic compaction destroys such a fabric anisotropy, yielding a nearly

random fabric.
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ft is concluded that granular materials deposited under the action

of gravity forces develop anisotropic fabrLcs with a vertical axis of

rotationaL synunetry.

Often, however, natural-J-y occurring sands are deposited under the

action of horizontal as well as vertical forces; the resultíng fabric

exhibits three-dimensl.onal anisotropy havlng a vertical monoclinic plane

of symmetry, as opposed to simple cross-anisotropy having a vertical axis

of slnrmretry. The plane of synuoetry contains the line of action of the

horizontal force and the long axes of grains are oriented at small dips.

For example, in the case of residual soils, a down-hill transportation

component, such as creep rnovement, can influence the fa.bric anisotropy

so that no horizontal ptane of material isotropy exists. Simil-ar obser-

vations have been made for aeolian deposits¡ the long axes of the grains

concentrate in the direction of the prevaiting wind at the time of deposi-

tion. ThLs direction defines the vertical plane of monoclinic s1nmnetry.

A descriptLon of the various types of material syrmnetry in anisotropic

media is given by Gerrard (L977') .

Alluvial deposits may also exhibit similar fabric

Lafeber a Willoughby (1971) showed that the fabric of a

monoclinic anisotropy with a vertical plane of slamnetry

coastlinei one of the two long axes of the rnore or l-ess

to alígn parallel to the coastline while the other dips

angle of about l-Oo.

anisotropy.

beach sand possesses

normal to the

pLaty grains tends

landward at an
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The maín points of the preceding discussion may be recapitulated

as follows:

Under anisotropic stress systems during the formation process,

sand grains tend to rest in a preferred most stable position

with the number of interparticle contact normals being greatest

ín the direction of the major princípal stress. AIso,

Their long axes are aligned in a plane perpendicular to the

direction of the major príncipal stress. Consequently, an

isotropic (hydrostatic) formation stress system would produce

an isotropic fabric, if the fabric is isotropic at the begin-

ning of the process.

2.2 ANTSOIT'ROPIc STRESS-STRAIN BETIAVIOR OF SANDS

As a result of their anisotropic fabric, sand specimens invariably

exhibit anisotropic deformational characteristics. If they have been

deposited under the action of gravity forces alone and subseguently not

subjected to other strong non-vertical loads or tectonic deformations,

the resulting anisotropy is of the cross-anisotropic type with a vertical

axis of rotational syrmnetry and horizontal planes of isotropy. Experi-

mental evidence of such anisotropic stress-strain behavior is presented

below.

A sLmpl-e way to observe the degree of anísotropy of a sand specimen

in the laboratory is by subjecting lt to an isotropic (i.e., hydrostatic)

Loading within a triaxial cell and measuring the axial (e radial (e )ta
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and vohfitetric (t.r) strains. For isotropic materials Ê1 = €r = å t.,

and any observed deviation from these relationships impLies anisotropy.

Furthermore, to demonstrate the cross-anísotropic deformational properties

of the sample, i.e. to show that the vertical axis is an axis of rota-

tional syrmretry, the shape of horízontal cross-sections should be ob-

served cturing deformation. Any deviation from the circular shape irnplíes

lower orders of slnunetry, for example triclinic or monoclinic (Gerrard,

L977¡ Lekhnitskii, 1963), and not cross-anisotropy.

Fig. 2.5 illustrates the anisotropic behavior of a natural sand

tested at the University of Tokyo (as referred to by Ladd et al, L977J.

Triaxial specimens were obtained from large undistrarbed samples' frozen,

placed in a triaxial celI, then thawed and finally subjected to a hydro-

static pressure of increasing magnitude. The results reveal a larger

(by a factor of. aboú.2.4\ compressibility in the horizontal than in the

vertical direction, since "., = 5.8 arr. Similarly higher horizontal than

vertical compressibilities have been observed by El-Sohby & Andrawes (1973)

who tested artificial sarnples of sand in hydrostatic compression. The

specimens \^¡ere prepared in the laboratory by vertically pouring through

air or water into a cylindrical mold.

More extreme cases of anisotropic stress-strain behavior have been

report.ed by Kolbuszewski & ;Iones (1961): for triaxial samples prepared

by deposition in air, vertical stiffness under hydrostatic compression

was found to be about {íve times the radial stiffness. Furthermore,

samples of Earlston Sand prepared by pluvial compaction exhibited vertical

stiffness in hydrostatic compressíon (ive to Ãix times higher than the

horizontal stiffness (Parkin et aI, 1968). The results are portrayed in
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Fig. 2.6. Note that a t)¡pical- df.strùbution of the long axes of grains

in selected vertical and horizontal- sections of these sæltpl-es has already

been shown in Fig. 2.3¡ the strong orLentatlon of the fabric is apparent.

A thorough experimental investlgation of the anisotropic deformabi-

lity of loose sands has been recently carrieil out by Yanada & Ishihara

(L979). They performed a series of drained tests on cubical specimens

prepared by tayered deposition under water. A true triaxial shear test

box was employed and the specimens were subjected to a variety of radial

stress paths, h¡ith the major, intermediate and minor principal stresses

oriented independent of the direction of deposition. fhe results indi-

cate highly cross-anísotropic deformation characteristics "because of

the inherent anisotropy of the specimen".

T\zpical results are surtrnarized in Fig. 2.7 where the three prin-

cipat strains are plotted as functions of the applied shear to normal

octahedral stress ratio, To"t/på"t. (på"t remained constant throughout

testing.) l.ig. 2.7a shows the results of compression (loading) tests;

Fig. 2.7b tlne results of extension (unloading) tests.

In the two compression tests (VC and HC) the specimens r¡/ere sheared

by increasing the major principal stress (in the vertical and horizontal

direcÈion, respectively) while decreasing the two minor principal stresses

simultaneously; thus the stress conditions were identical in the two

tests. llhe different deformaÈions oçerienced by the two specimens

reveal a pronounced anisotropy: the specimen is stiffest in the direction

of deposition. The cross-anisotropic nature of the deformation is also

evídent: vLrtually no difference exists betureen the horizontal lateral

strai.ns e-- and e,- in the VC tesù. However, the vertical and hori-xy
zontal laterat strains ,^ and t* in the HC test are quite different,
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implying, among other Èhinqs, unequal Polssonrs ratLos V* and Vng

(seeChap.5).Similarconc]usionscanbedrawnfromtheresultsofthe

t\^ro extension tests (VE and HE) portrayed in Ftg' 2'7b' Notice also in

Fig. 2.8 different volumetric strains e:{>erienced during the afore-

mentioned four tests-

A word of caution is appropriate at this point: the fabrics of

laboratory prepared samples are most likely to reflect the high order of

symmetry usually associatect with laboratory formation processes, unlike

what actually happens in nature. Extreme care is therefore needed in

extrapolating the results of lab tesÈs on artificial samples of field

deposits where low orders of synunetry (e.g. tríclinic or monoclinic) may

be expected. Moreover, detailed measurements of the shape of the de-

formed cross-sections of triaxial samples are difficult to make, while

reported natural fabrics are probably biased towards higher orders of

symmetry due to the ilifficulty in pattern recognition and analysis

(GerrardrL}TT). fhus, it is quite difficult to properly assess in the

laboratory the particular type of anisotropy of a natural deposit without

knowing its geologic history.

Anfuoþtopic Slsensth

Naturally, fabric anisotropy extends its influence on the strength

of granular materials, as has been experimentally demonstrated by Arthur &

Menzies (Lg72), oda (L972a), Mahmood s Mitchell (1974), Lafeber a Willoughby

(1970) and Arthur & PhíUips (1975). However, strength anisotropy appears

to be much less pronounced than deformational anisotropy. This ís most

like1y rhe resutt of tlØoftganLzafion o( thø inhenønf {abnic of the soiÌ

under the action of stresses that may be quite high relative to the forma-

tion stresses. In other words, usually at failure only remnants of the

inherent fabric remain and the fabric is greatty dominated by ttltUt-induced
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features., Ihe anisot.ropy ef this Índuced fah.:ri:c relates Primari.ly to the

anisotropy of the applied stress'state at failure, although tt also reflecÈÊ

(to a lesser degree) the lnLtlal (inherent) fabric (see Gerrard, L977,

for a more detall-ed discusslon on induced vs. inherent anisotropy). Thus,

conventl.onal triaxiaL tests on samples formed Ln a tílting mold so that

the angle B varies between the major direction of sand deposition and

the dÍrection of major prlncipal stress 01 during shear, typically

ren¡ea1 that the highest friction angle occurs at ß = oo¡ this angle is

only 20 to 40 larger than the lowest friction angle, occurring at ß = 9Oo

(i.e., when ol acts perpendicular to the direction of formation). Vari-

ations in deformational characteristics are more dramatic: vertical moduli

larger than the horízontal modulÍ by a factor of 2 Lo 5 \^rere measured,

apparently because with lower applied stresses the dominant features of

the inherent fabric prevail and influence the observed anisotropy.

The yalidity of this conclusion is demonstrated through Fig. 2.9,

obtained from the aforementioned study of Yamada & Ishihara (L979'). The

figure plots the octahedral stress ratio To.t/på.t required to produce

either an octahedrar strain Yoct = rt or faLlure, as a function of the

intermediate principal stress paraneter

of - os'
b = _;__l e.2)

or-og

The results are shown for several radÍal stress paths¡ angLe 0 deter-

mines the direction of each path on the octahedral plane: e.g., g = Oo

for the vertical compression test, g = L2Oo for the horizontal compres*

sion test, and so on. It is seen that the stress ratio correspondLng to
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1* strain decreases as tÌ¡e radlat s'tress path notatee' ùn cx'çck¡¡Lse

directton (g lncreases fron oo to lgoo). Ttr¡s Ls attrLbuteil to ttre in-

herent anisotropy present in the sand speci,men. Horrûeverr failure occurred

l-n the specimen at the same stress ratLo indepenclent of whether the test

was perfor¡ned in vc or HC (0 = oo or lzoo) a¡rd vE or HE (18oo or 600) '

Evidently, I'the effects of itth.r"nt anisotropy . . . tended to disappear

as the stress ratio became large enough to produce maxi¡m¡m voh¡ne con-

tracÈion and faíIure" (yamada c Ishíhara, 1979).
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CITAPTER 3

AIiTISOTROPY OF CI¡AYS

Most natural cJ-ays are formed under the influence of anisotropíc

mechanícal- processes in a variety of physico-chemi-cal environments. As

a resuJ-t, they acguire anisotropic structures: both cJ-ay fabríe and inter-

particle bonds are not random but invariabJ-y enhibit some degree of

orLentation reflecting the characteristics of the fo::mation processes.

As an exauç>le, alluvial clay deposits, formed by sedÍmentation and

srrbsequent one-dimensíonal consolidatíon under the action of gravíty forces,

develop a cross-anisotropic structure characterized by vertical and hori-

zontal princípal- axes and by lack of oríentation on horízontal pJ-anes.

MicroscopÍc evidence (r,ambe, 1958; Martin & Ladd, L97Oi Barden, L97l;

Kirkpatric & Renníe, 1973) índicates that fabric a¡risotropy in such clays

prlmarLly takes the fotm of preferred horizontaL orientation of tbe pLate-

shaped particles or partl-cIe aggregates; their basal planes are alígned

in a horizontal direction, normal- Èo ttre axis of the maJor principal

formation stress.



28

Structure anisotropy in clays may also arise due to anisotropic

electrochemical- interparticl-e bonds, in addition to anlsotropic fa.bric.

Perhaps an extreme case of such anisotropy has been observed in the sen-

sitive Canadlan Leda CIay (Mitchetl, 1970), whose particles and particle

aggregates appear to be nearly ranclomly oriented; yet, highJ-y oriented

cementation bonding results in a strongly anisotropic defozmational be-

havior, as iliscussed later in this chapter.

Cross-anisotropic stress-strain-strength behavior of sedimentary

clays is the result of such fabric and bonding anisotropies, i.e., either

at the microscale of clay plates or at the macroscale of peds and macro-

pores (Yong, 197f). Considerable attention has been directed towards

understanding and measuring clay strength anisotropy (Hansen & Gibson,

1949,'Aas, 1965; Lo, 1965; !,lard et a1 , 1965; Duncan & Seed' L966¡ Davis &

Christian, L97L; Livneh & Greenstein, L974¡ etc). Deformational aniso-

tropy has been the sr,rbject of relatively fewer studíes (!{ard et al , 1959 '
1965; Kirkpatric & Rennie, L973¡ Saada & Ou, L973¡ Atkinson, L9'75¡ Yong &

Silvestri, L979). Yet, there is Iíttle doubt that deformational aniso-

tropy is more significant than strength anisotropy (Bazden, J-9721. It is,

in fact, accepted that the anisotropy of the undrained shear strength

results from anisotropy in the pore-pressure-buildup parameter A, which

is a deformation parameter, rather than anisotropy of the strength para-

meters ct and 0t.

ft ís finally noted that macroscopic variations in fabric also pro-

duce inherent anisotropy . Characterístic examples are stiff fissured clays

and varved clays that are discussed J.n subsequent s'ections of this report.
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3.1. I'ACTOBS INFLUENCING THE A¡USOTROPY OP CI.ATS

Little çork has been published regarding the factors which affect

the type and degree of anisotropy Ín clays. Since measurements of fabric

anisotropy are difficult, to make, in most such studies the effects of

anisotropic clay structure are inferred fron the resul-ts of laboratory

stress-strain tests on specimens cut at different orientations. Some of

the variables that have been found to have a more or less marked influ-

ence on the anisotropy of a particular clay are:

. the method of deposition in the field or the method of sample

preparation in the laboratorl¡, including the physico-chemical

environmenti

. the vertical- consolidation pressurei

. the apparent overconsolidation due to removaL of overburden

(unloading), dessication' weathering, etc. ;

. changes in the applied stress state ("índuc¿dt' anisotroPY);

. the creation or destruction of cementation bonds.

E:4>erimental evidence demonstratíng the importance of each of the

above factors is presented next.

tle,tlrcd oÁ Sanple Ptt¿poa.a.lion

A comprehensive investigation of the sensitivity of one-dimensionally

consolidated kaolinite to changes ín sample preparation and handling

methods has been presented by Martin & Ladd (1970). In preparing the

samples, they used different water contents (v[) as well as different tech-

niques of placement in the consolidation cylinder. The two extreme types
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of preparation procedures are referred tO in Table 3.1- aS rrslurryrt and

,rair dryfl clay. "S]-urry[ ls a suspension of saturatecl cl-ay poured into

the consoll-dation eyllnder with wate:s content a,bCIye the J-lguld limit.
rrAir dry[ clay, carefully placed Ín successiwe one-Ínch-thick layers in

ttre oedometer, is allowed to gTradual-ly a.bsorb water through the bottom

porous stone until the entire clay mass becomes moist. Apparently, these

two methods of preparation idealize the conditions of natural formation

of alluvial and aeolian deposits.

Fabric measurements \^rere made using an x-ray diffraction technique,

which is based on the powder method and utilizes \dax impregnated samples

(Ìtartin, L966). The technique yiel-ds quantitative information concerning

the amount and direction of preferred orientation of clay particles.

Table 3.1 presents the observed percentage of preferred orientation

TABLE 3.1 EFFECÎ OF SA¡4PLE PREPARATION ON PREFERRED ORIENTATTON

Preparation

air-dry
moist clay
wet-up

slurry with dispersant
slurry with flocculant

r¿t before consoLidatLon

o.7
20

100

105

400

AOt

44

27

44

76

86

(AO) of samples prepared in different ways and consolidated to I.5 kg/cl¡r2.

AO may theoretically vary from Ot for an ideally random fabric to 100t

for a perfectly oriented fabric. AO has been correlated to the average

inclination angle of kaolinite particles or particle clusters via crystal-
lographic theory and oçerimental measurements. For example, AO = 1008
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corresponds to an average angle of 0
o

fectly horizontal arrangement of

angle of 45o, implyÍng no preferred

inclinatíons varying from oo - 9oo are

Table 3.1 inilicates that all me

that er<tribit some degrree of orienta

are strongly oriented with the basal

clusters nearly perpendicular to the

Extrapolating to natural clays, alluvi

anisotropic than aeolian or residual s

at higher consolidation pressures the

dÍscussed below.

| -DÍnøva Lo vnl Co va o Lidal,Lo n Pnu¿ une

As repeatedly mentioned in the

solidation, with íts anisotropic

primary cause of anisotropy in soils.

the major consolidation stress oi = o

of orientation, with the partícles and

creasingly horizontal arrangement.

This erçectation is indeed conf

AO of kaolínite samples is plotted as

It is notfced that changes in fabric

are most pronounced in sampl-es that

and least pronounced in relatively we

the horizontal, i,e., to a per-

i AO = 0t corresponds to an average

of particles (partíc1es at

with about egual frequencies).

of preparation lead to fabrics

; only the ttslurrytt samples, hohrever,

of particles and particle-

ctíon of the major principal stress.

deposits are more like1y to be

ls. It shoul-d be noted though, that

of all samples increases, as

ng text, one-dimensional con-

tion and stress condition, is the

turally, therefore, by increasing

one e:qpects an increase in the amount

icle-aggregates assuming an in-

by rig. 3.I, in which the measured
I

function of o,- (l4artin & Ladd, 1970).v
r increasing consolidation sÈress

al-ly have a nearly random orientation

oriented samples.
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Ttre greatest degree of orientation achieyed by'one-dimensùona1 con-

solidation of kaolinite by Martin & Ladd, L97O, is 924, which corresPonds

to an average inclination of about. 80.

An indirect evidence of the importance of consol-idatlon pressure on

soil anisotropy is offered by the published e:r¡rerimental testlng data on

London CIay ($tard et aI, 1965; Skempton & Henkel, L957¡ Bishop et aI, 1965):

as noticed by Gibson, L974, rrthere is a slight tendency for the ratio of

horizontal to vertical moduli to increase with depth" despite the simultan-

eous decrease of the overconsolidatíon ratio (see discussion on following

section).

The author is not aware of any other systematic investigations on the

influence of consolidation stress on the fabric or the stress-strain behavior

of natural and artificial clays.

Ãppanuú. 0v enco n s o LLdal,io n

Overconsolidation in natura.l soil deposits may either arise directl-y

from the removal of overburden due, for example, Èo erosion and melting, or

maybe the apparent outcome of dessication and weathering. The latter inflicts

primarily sedimentary deposits after their first exposure to the atmosphere

during a period of geologic uplift, or change in climatic conditions.

There is ample evidence suggesting that clay anisotropy is strongly

influenced by increasing overconsolidation. 1ftris is due to the resulting

macroscopic fabric changes which primarily take the form of strong patterns

of (i.SU:nØô developing paraltel to the bedding directl.on. For instance,

Fookes & Denness (1969) found major sets of such fissures in a variety of
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cretaceçuq sedl¡uents" Fabric Pattern of the ioints and fisgures in

the hean¡ily overconsolidated London Clay have been found and reported'

among others, by Skempton et aI (1969) and Rowe (L972). It appears that

such fÍssures and joints, mostly parallel to the bedcling dlrection, are

at least to some extent associated with the relatively hj-gh compressíve

stresses in the horizontal direction caused by the overconsolidation

process (Gerrard, L977¡ Brooker & Ireland' 1965) '

As a consequence, with increasing overconsolidation ratio (ocR) the

degree of anisotropy in clays increases; the horizontal modulus is, in

general, considerably higher than the vertical modulus in heavily over-

consolidated c1ays, contrary to what is happening in sands' Normally con-

solidated clays, on the other hand, usually exhibit mÍIder degrees of

anisotropy with the moduli ratio 
""/\ 

being either larger or smaller

than 1.

The highly overconsolidated London Clay offers the best docr¡nented

evidence of markedly anisotropic mechanical characteristics in naturally

formed soil-s. Being a marine deposit of the Eocene age, London Clay has

an almost uniform mineralogry with itlite and montmorilloníte as major

components, kaolinite and chlorite as minor ones (Gilkes' 1968) - ft has

been heavily overconsolidated due to the removal of 20Om to 4O0m over-

burden caused by erosion and melting (Skempton & Henkel, 1957¡ Bishop et al,

1965). Its fabric exhibits anisotropy both at the microscale (particle

clusters aligned with their flat faces perpendicular to the direction of

consolidatlon) and the macroscale (sÈrong pattern of fissures and joints

mostly aLigned in the horizontal direction).
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The mechanical properties of London CIay have been rneasured by !{ard

and hLs colleagues at the Butlding Research Station (1959, 1965). llhey

performed undrained compression tests on undisturbed cyl-indrical samples

cut with their axis vertical, horizontal or inclineél at 45o to the ver'

tical. Simons (1971) reported the results of drained triaxial tests and

Atkinson (1975) of undrained and drained triaxial- and pl-ane-strain tests

with a variety of stress paths. Tlpical results are surtrnaxizeð. in Tab1e

3.2. Note that the reported shear moduLi GV" have not been measured

in the laboratoq¡ but theoretically back-figured from the undrained Youngrs

modulus of the 45o inclined sarnples by Gibson (Lg74). As ít has been

pointed out by Pagano and Halpin (1968) and Saada (1968), these determined

TABLE 3.2 flTPICAL ANISOTROPIC PROPERTIES OF LONDON CLAY

Samp1e location

average of 8 sites
Ashford

Barbican Arts Centre

Test

UU, CTUC

Tru, CIUC

tt ll

CIUC

CIDC

CID PSC

CTDC

""/\r 
vv' Gtr"/Ev

0. 38

0. 40

0. 536

r. 60

l-.84

2.OO

1.20

2.OO

L.94

2.50

0,50

0. 50

0. 50

0. 50

0. 19

v

0. 20

0.08

o.20

0. 40

0.00

HH

I

tt

tt

ll

r Í

T\pical upper bound 0.00 -0.35 0.77

UU = (undrained) unconfined compression test
CIUC and CIDC = undrained and drained, respectively, triaxial com-

pression test on isotropically consolidated samples

CIDPSC = drained plane-strain compression test on isotropically con-
solidated sample
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values of 
"y 

are likely to be erroneous because of incorrect estÍ=

mation of E45o, Extraneous bendinq anil shearing end effects are

generated whenever samples cut with thelr axis inclined to the verti-

cal are tested in triaxial compression. Thus the obtained EnUo values

may under- or over-estirnate the actual moilulus. A detailed analysis

and discussion of this problem is presented in Chapter 5 of this report.

It may be seen in Table 3.2 that horizontal moduli larger than

the vertical moduli by a facÈor of about 2 is rather the rule in London

CIay. It is noted in passing that the r¡ndrained unconfined shear

strength is also greater in the horizontal direction (Suh) than in

the vertical direction (Suv), but only by a factor of about 1.5, com-

pared with the factor of 2.0 pertaining to stiffness.

A typical set of drained stress-strain relations of London Clay

from the Barbican Arts Centre reproduced from Atkinson (1975) is shown

in Fig. 3.2. Both cylindrical (CIDC) and plane-strain (CIDPSC) com-

pressive stress-strain and tangent modulus-strain curves are portrayed

in this figure.

DUtLeti,LltL - arhe effect of naturat dessication of clay sediments

was simulated in the laboratory by allowing saturated samples of con-

solidated kaolin to dry by evaporation to water contents below the

shrinkage linit (Franklin & Mattson, L972). The samples were initially

prepared from a kaolin-water slurry under one-dimensional consolidation

pressures ranging from 80 to 400 psí, with two distinct stress histories.

A series of direction P-wave velocity measurements on prismatic samples

with water conÈents below and above the shrinkage limit were then

carried out. Tlpical results are given in Fig. 3.3. It is seen that
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the velocities are always higher in the horizontaL

cal (V ) directlon.v

trn) than the verti*

At inítial moisture contents the average velocity ratio VnÆ is

only about 1.05, but iÈ dra¡ratically increases upon drying, as soon

as the water content drops below the shrLnkage limit,. !Íith continued

drying below this limit the velocity ratio approaches a nearly constant

value. Final velocity ratio values in aír-dry samples varied frorn

1.34 to 2.O2, beinq generatly higher for higher consolidation pressures.

Recalling that

(3. I)

it is concluded that apparent overconsolidation due to drying of one-

dimensionally consolidated kaolinitic clays, appreciably increases

fabric anisotropy and may lead to horizontal moduli values of up Èo

1.80 to 4.20 times the vertical moduli values.

)ve¡coyuo%dÃ,tQÅ l¿aoLLwí.tø - Not every strongly overconsolidated

clay is characterized by an 8",/E' ratio greater than 1. An example is

kaolinite overconsolidated by removal of the overburden (one-dimensional

unloading). FiS. 3.4, for instance, plots typical stress-strain re-

lations from CIU tests on kaolinite samples with an oCR of about 8

(Gazetas c Botsis, 1981). The samples were cut vertically or horizon-

tally from consolidated (oi'fOO p"i) kaolin-water slurry. Notice that

Et/Eu as well .= S,rh/S.,r., are less than 1, i.e. the clay is stiffer and

stronger in the direction of consolidation. Very sim'iIar results for

kaoliníte have been reported by Bhaskaran (1975) 
"

E" /u"\'
4 

= (4,/
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Nonetheless, as the OCR increases both 
""/\ 

(compression) and

t,rh/trr., (compression) increase, and both can become greater than l at

high OCR values. Moreover, Er/Eu from extension tests has been found to

be greater than unity for aII values of OCR (Gazetas & Botsisr 1981;

Saada & Ou, 1973¡ Parry & Nadarajah, L974). Both of the above aspects

can be attributed to the tendency of developing fissures parall-el to the

bedding, during unloading in a perpendicular direction. (Gerrard, 1977').

Cltangu in ÃppLLød SþLQÁ^ Stl¿ten

It is well recognized that the mechanical behavior of soils depends

not only on the (imposed) current state of stress but, also, on the whole

t,Átlæ.E^ h,í,tt0ru1,' since formation of the deposit; stress history exerts

its main influence by modifying the fabric and the interparticle forces

in the clay soí]. Consequently, changes in the effective stresses applied

to clays usually produce a fabric reorganization and, in certain cases,

alter the interparticle bonds so that the type and degree of pre:existing

(often called inherent) anisotropy change.

As a general rule, the anisotropic structure produced by a deviatoric

stress of a given orientation (e.g., one-dimensional consolidation following

deposition) will be modified by the application of a deviatoric stress

system of different orientation, so that the resultant fabric becomes more

resistant and stable against the applied stress tensor. Therefore, the

resultant fabric exhibits to some degree the anisotropy and synunetries

of all the stress systems that have been applied throughout its history;

the stronger of these stress systems will most likely have the greatest

influence on the final structure. For instance, the stress induced aniso-

tropy of initially isotropic ctays assumes the same planes of symmetry as
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ttrose È,nduced by the applied stress tensor; whereas, an initiall-y highly

oriented clay te.g. r,ondon clayl vrf,J-J. retain lts Clnherent) ani.sotropy

against applled stress syste:ns of the size usually encountered in engin*

eering practice. Slgnlficant fabric reorÈentation in such cases would

take place as a result of shear fal.lure, wel-l after the peak effective

stress ratio has been reached (e.g., during a triaxial test). Tndeed,

polarizing microscope observations made on thin sections from plane-

strain test sampLes of Ko-consolÍdated kaoll.n (Barden, Ig72) reveal only

a slight degree of clay plate alígnment in the inclined failure zone

at the peak effective stress ratio (i.e., at axial strains of about 4.5a);

such an alignment becomes high onry after the large shearing displace-

ments associated with the residual state and the formation of a visible

Coulomb slip plane.

Along the sæne lines, the aforernentioned study by Martin & Ladd (f970)

on the factors affecting the fabric of Ko-consolidated kaolin resulted ín

the foll-owing: although changes in the direction of the major applied

stress (e,9. by rotating the direction of one-dimensional consolidation)

do alter the direction of preferred orientation, very large stress changes

are necessary to produce significanÈ changes in the fabric.

C¿neyúo,tton Bond,t

The exlstence of a preferentially oriented system of interparticle

cementation bonds in a cJ.ay may create a strongl-y anisotropic structure,

al-though the cl-ay fabric e:rhibits only a slight orientation. Such appears

to be the case with the normally gonsolidated sensítive Canadian clay,

known as Leda c1ay (soderman & euigLey, 1965; euigLey & Thompson, L966¡
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Mitchel-1, 1970 | 1972¡ LaRochelLe c Lefebyre, L97L¡ Yong e Silr¡estri, L979).

Iulicroscopl.c exanÍnatLons have estabLisheil the "open, f locculated arrange-

ment of particles and the strong [orientecl] cementation bonils at inter-

particles contacts" (Yong & SiJ-vestrL, L9791.

As a result, the behavior of such a structure can be srnunarized as

follows:

1. At Lo'¡¡ confining pressures, i.e. at pressures that are not suf-

ficiently high to cause a breakdown of cementation bonds, Leda CIay

behaves as a cross-anisotropic nearly elastic material; the vertical

Young's modulus is larger than the horizontal modulus by a factor of

about I.7A, as it can be seen from the stress-strain unconfined compres-

sionr test curves shown ín Fig. 3.5 (Yong & aI, L979).

2. At higher pressures the bonds are progressívely destroyed and

the clay exhibits brittle behavioral characteristics; marked strength

anisotropy is observed during drained tests, being prirnarily attributed

to the preferred orientation of the cementation bonding (Mitchel, 1970).

In contrast, most (uncemented) normally consolidated clays show only a

minor anisotropy associated with the drained strength parameters c' and

S'; undrained strength anisotropy is mainly due to the anisotropy of

the pore pressure parameter A, , which is a deformation parameter.



FIc. 3.1- Dependence of particle orientation in a normalry-consoLidated
Kaolin upon the vertical consolidatíon stress (54).
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CHAPTER 4

I,AYEREDÆAR\IED MEDIA

In geoteclhnical practLce one often encounters soiL and rock nasses

consísting of nrmerous relativel.y thin Layers bounded by paraLlel planes

and with varying material properties arrd thlcknesses in the dírectíon

normal to the bounding planes. flpica1 exanples are varved clays, rein-

forced earth and regularly jointed rocks.

It has been theoreticalLy estabiished (Brekhoviskikh, 1960; Salamon,

1968) that, when certain restrictíons are met, the "bulk" mechanical be-

havíor of a layered varved nedium ís the same with the behavior of an

'e4u*vahent) honngwLeou,8 eÅoâí-anì.sottupíC materiat. rltris is true even

if the Índividual layers/varves consist of isotropic material. The fol-

Lo'ríng conditions should be fuLfil"Led so that such a simiLariÈy ín behav-

ior can be considered:

a) aIl" interface planes between layers re¡nain in contact and

are ful-Ly contÍnuous in the sense that no relatlve displ-acement occursi
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b) the thlckness and eLastic prspertÍes of the layers vary

rands4ly ln the di.rection perpendlcular to the paral-Lel- bor¡ndLng planes

of the layers¡

c) a representative sarqrl.e of ttre stratLfied mass, on ttre basLs

of whl.ch the requivalent homogeneousl propertles are evaluated, must

contatn a I'large enough" nr¡nber of Layersi and

d) the l-ength of such a representative sænpLe must be niuch

smal.Ler than a rcharacteristicr J.oadl.ng dimension of the problem (e.9.

the radius of a círcul-ar foundation, etc.).

Under these condítions, the cross-anisotroplc elastic constants

of tlre hornogeneous medirsr, whích is 'equivalentr to a system of n

isotropic J-ayers of total Length L', are (see chapter 6 for the pre-

cise meaning of each constant):

uttH =i(t.v. E. \1- r l-l

--- 

I

L-\)2 I
i 'i(Ë)

i(j,_J
l-

I

(4.1)

u.2l

(4.3)

(4,41

(4.5)

VHv = (l-v'n)

E¡r = (l-VHH) i(*)
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,) 
.

{r("v
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1t 1-2V 2
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G
VH r

ttre bounding planes, respectLvely; Ei, Gl and V,

stants of varve i with a relative thl.ckness t.

r.I'
-iL

[tt
{i

ui, (4,6)

are the elastlc con-

given by

in which V andl H denote directions perpenôisular and paralLel- to

n
Ia.=t
1!I

t

G""

GvH

Q.7)

wlrere t. i.s ttre thickness of thfs varr¡e. Certal.n restrLctions must be
l:

satlsfled by ttrese eguivaLent cross-anl.sotropic eLastic constants due

to ttre thennodynanic reguirement of non-negative strain energy functíon

under all possibLe states of stress (see SalaÍion, !-968; Vfardle & Gerrard,

1972¡ and also Pickeríng, L97O) . ltt¡e most sigml-fíca¡¡t of these restric-

tLons pertains to the ratio of shear moduli:

(4,8)

ttrat ls, the shear moduLus (Gm¡) i.n pla¡res paral.Lel to the direction of

stratification i.s larger ttran the shear moduLus (GïTI) in planes normal

to lt. lltris relation is confirmed by a range of e:<perimental- rþasure-

mentg on earthen materíals, conducted by Gerrard et aJ-, L972.

Ttre restri.ction on Pof.sson t g ratio uH¡t ls

-1 f uu¡rs l/2 (4. e)

12
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i.e,, differs from the res.triÇtlon for a genegal crosÊ-anisot'roP+,c

materlal onLy in the upper lÍmit (see Chap. 6), Poissonrs ratio vHV,

on the other hand, satisfled the foLLow'íng inequalitíes:

-1 lvïï{á2 (4.10)

with the upper ltmit being approached ln the case of an ideal reinforced.

earth materi.al, as shown by Harrison & Gerrard, L972-

A special case of interest is the one where all layers (varves)

are ,üæOmpnUtibLe, e.g. due to undrained loading conditions. Poissonrs

ratios in all individual varves are equal to v. = l/2, and the equiva-

l-ent cross-anisotropic constants reduce to:

VHt{=vVH=v*=I/2

EV=EH (4.1r)

Gv"'G"rr=E*/3

Note that the material anisotropy ís reflected in the inequalíty of

Eq. A.LL. Apparently if all varves have the same shear modulus, then

GVH = GHH = G and the bulk material behaves in an isotropic manner.

It is of interest to briefly discuss the degree to which several

earthen materials satisfy the criteria of the aforelnentioned "equlvalence".
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Vanvød CI-au

Varved cl-ays are rhythmically banded sedlments, formed by cyclic

deposition in glacial lakes, during the l.ce-retreat stage. Each varve

is composed of alternating layers of light-col-ored sr¡nrner-deposited silt

and dark winter-deposited c1ay. Usually, the thíckness of the varve

does not exceed 1 inch, while the composition and properties of the clay

and sflt layers are quite variable. This variabitity depends not only

on the geologic conditions of deposition but on the subsequent stress

history, as welI. Extensive deposits of varved clay are encor¡ntered in

the northern US, Canada and Europe. Fig. 4.2 i.s a photograph of a

typical vertical section through a varved clay.

It is not difficult to see that a varved clay would respond to

stresses as a cross-anisotropic homoçJeneous material. Indeed, all the

aforementioned conditions required for such an requivalence' are satis-

fied with reasonable accuracy by most varved clays: 1) the interface

planes are parallel to each other, usually in the horizontal direction;

2) due to a formation process by a more or less continuous depositíon,

no slippage is likely to occur at the layer interfaces*; 3) the thick-

ness and elastic properties of Èhe varves and layers show only small

and apparently random variability with depth (i.e normal to the inter-

faces); 4) finally, the thickness of the varve is very small (usually

T d f ånch) much larger than the anticl5latea characterlstic dlmension

in rqost geqtechnical appJ-icatLons.

* in fact, there is no distinct interface, in the mathernatical sense
of the term, but rather a transition zone with siLt "gradingr into clay.
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In addition, it is noted that especlally the clay layers are

Iikely to exhibit strong preferreil orLentation parallel to the inter-

face planes of the varves, as photometric measurements have showed

(Mitche1l, L976).

Re,inÁonced EanÍfL

Vtdal (1969) first proposed that soft soiLs should be reinforced

in criticat directions by thin sheets or strips of a stiffer material.

The resul-ting composite material, reinforceil earth, has improved mech-

anical properties and has, thus, been extensively used in retaining

wallsr guay walls, dam or cofferdam works, rafts, foundations, highway

or airport pavements and other geotechnical structures. The reinforce-

ment may consist of circuLar bars, thin strips, or meshes of metal, wire

or plastic; the use of flexible sheets of synthetic fabric has also been

rapidly increased especially in the construction of embankments and

pavements on soft clayey soils (Yamanouchi, 1970).

In all types of reinforced earth the reinforcing layers are ex-

tremely thin and have very large in-plane (or axial) stiffness relative

to the soft soil layers. Moreover, the reinforcing layers are closely

spaced relative to the critical loading dimensions for most practical

problems. If the spacing of the layers does not follow any systematic

pattern but, as is often the case, remains more or less constant away

from the loading area, all aforementioned conditions for 'equivalence'

are fulfilled. Therefore , thøe-t reinforced earth behaves as a homogen-

eous c.,r¿oÁ¿-awí¡oÍ¡opl.c material and tød on Mlutp reinforced earth behaves
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as a homogeneous OntltOnlwnblc rnaterial (Brekhoviskikh¡ 1-960; Salamon,

l-968). The latter exhlbLts a lov¡er order of slnnrnetry than a cross-

anisotropic material; it possesses three mutually perpendicular planes

of synuneÈryr e.9. a plane containl-ng a layer of reinforcement, a normal

plane parallel and syrmetrical with respect to the reinforcement and a

normal plane perpendicular to the reinforcement.

The eguivalent cross-anisotroplc material constants of sheet rein-

forced earth have been derived from the more general equations (4.1) to

(4.6) by Harrison & Gerrard (L972). They are presented below for easy

reference. Considering a distance L perpendicular to the direction

of layers, calling S the combined thickness of the reinforcing layers,

s the corresponding relative thickness (s = s/f,), and denoting with a

subscript t the constants of the reinforcing material, the cross-aniso-

tropic constants are:

v
(1-s ) ev

- 2-+
1-v

sEvrï--2
1-vt

(1-s)v

-+
1-v

(l-s) E--z-
1-v

(1-s)E 
"8,

-T- 
+ -zl-v I-v r

svr
2

1-v
r

sE.T
_2I-v r

(4.L2)

(4.13)

(4, 14)

(.4.15)

HH

HV

u"

v (I-v

(I-v

)HH

2

HH ()

tv
222

l-s 2\ s 2v 2v.
(1- ) + (t- r) + -'HV

E l-v E, 1-u" (1-v"")\

-l



GHH = EH / (2(1+vHH) )

2 (l-s) (1+v)

E
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2s (l+v )T+ .-----
Er

(4.16)

(4,L7)
"vH -

-1

in which E, V are the constants of the soft soil assumed to be iso-

tropic. Simpler formulas pertaining to particular 1-irniting cases of

reinforced earth materials have been derived by Harrison & Gerrard, L972.

Joivtted Roct¿

Large natural rock masses are often broken by fracture surfaces

which are classified as joints or faults* and. can have a significant

effect on the gross mechanical response (Jaeger & Cook, 1969). Commonly,

jOints Occur in sets of regularly spaced, more or less parallel, planes

with a variety of orientations. Major joint sets can extend for miles

with joint spacing ranging frorn inches to several feet.

The presence of joints may affect the behavior of rock masses in

two ways: first, írre'yersible joint slip may occur at high shear trac-

tion levels; second, the pre-slip deformation and stress field is in-

fluenced by the normal and tangentíal stiffnesses, as well as the spacing,

of the joints. When the length scales ("characteristic' dimensions) of

interest are large compared with the joint spacing and the relative dis-

placements across joints are reversible (linear1y related to joint trac-

tions) and small compared to joint spacing, the jointed rock mass exhibits

the distinction into joints and faults is purely geological and
does not have any effect on the bulk behavior of a rock mass.

*



53

the bu]-k defoguational characteri.stùcs of a continuous høuogeneous cross-

anisotropfc material (IulorLancl, 19?6). Any axls perpendü.cuLar to the

joint pJ.anes Ls an axls of rotational naterlal slnunetry whíl-e on pl-anes

para3.1eJ- to joints the materlal properties are the sane in all- dl-rections

(pl-anes of isotropy).

The degf,ee of anisotropy depencls prLmarily on the ratios of the

I'gtrossrr joínt:nodlull .(Â" and AU) to Èhe elastic shear and Youngrs moduli

of the rocik (G and E). Morland (1976) has presented the bulk stress-

straln relations for such a jointeil rock mass. From these rel.aÈions

one cân readLl-y deduce the equlvalent cross-anlsotropic elastic constants:

\t="/ tl+E/lld) (4.18)

Gy¡r= G / (l+Gfiis],

EE=E (4.201

vlil{= u 14.2L',)

Ev
vI/H= v -

(4.221

in which E, G and v are the Youngrs ¡nodulus, shear modulus and Poisson¡s

ratlo of the intact part of the rock, respectively; Â" and JIU are the

rrgrlosstr s.hear and normal joínt modluli, obtalned frorr the shear and

notmal stiffnesses of each jofntr. Xs and lU:

/i = I T, /I- = À-T (4.23)
S S:' d cl
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where T ùs ttre average epacing betr+een tlre JoLnts.

It is evident frorn Eqs. (4.18) - (4.221 that there are onty f,oul|.

independent a¡rlsotropi-c material constants, nmely, E, G, Jl" andl ÂU.

In contrast, a general cross-ânisotroplc eLastLc materLal needs fLve

independent defor¡aation constants to be fully ilescrlbed, as dissussed

Ín the followLng chapter.
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CHAPTER 5

PHENOI,IENOT,OGICAIJ DESCRIPTION OF REI/ER'SIBLE

DEFORMA1TION A}TD YIEI,DTNG

Soils, in general, are püt,¡JuLdfe multiphase materials, corçosed of

isolated or aggregated solid particles, fluid and gas. In princípLe,

two dífferent approaches may be adopted to detemine the mechanícaL prop-

erties of suctr corçIex materiaLs: the nÍ.elotcopÍ.e,lnenhmÍlfÅc aØprrtdr-lr

a¡rd ttre phuonetolngi.ol,.L apphoa,ch. rtre forrner attempts to relate the

mechaníca1 behavior of a mass of soÍl to the properties and physical-

chemical interactíons anong the íniliviclual- soíL particl-es and tt¡e f}uíd

a¡d gas phases. Ttris requires a detailed knowledge of the arrarigement,

shape and properties of the ind:ividual parBicles; thus, J-t is rather in-

tractable at present, despíte severaL worthwhíLe studies that have been

pr¡blished in recent years (Rowe, L962¡ De Josse1l.n de ilongrl9Tl¡ Spencer,

L964¡ Bazant, Ozaydin & Krizek, 1975; DavLil & Deresiewlcz, 1977; l{ehrabadi,

Nemat-Nasser & odta, L98O).. ProbabÍlistic theory appears to offer the

proper franework for tt¡is approact¡.
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The phenomenological approach, on Èhe othe:r hand, treats the localIy

heterogeneous soil- as a contLnur¡n. A mathematicaL modeL is used to cor-

relate the external mechanical excitation to the resultÍng material res-

ponses, without necessarily explaining the mechanisrns'which lead to

these responses. This approach is used herein to study the response of

soils with oriented structure by treating them as homogeneous and cross-

anistropic continua.

It is convenient to distinguish two different types of response of

a continuum to applied stresses: one associated with small and rever-

sible deformations and another with large deformations that are, at

least partly, irreversible. Línear elastícity has been traditionally

used to model the first type of response, while nonlinear elastoplastic

models are necessary to describe the mechanical behavior of the second

type.

5.I. CROSS-AI\IISOTROPIC EI,ASTIC STRESS-STRATN RELATIONS

In the sequel, it is assumed without loss of generality that the

vertical axis z is the axis of rotaÈional material syrunetry and the

axes x and y define the horizontal planes of isotropy. It has been

shown (Love, 1892) that an elastic material with this type of anisotropy

(usually called 'tütO\^-aní¿OlnOpqtt or 'tl)tßylÁvyt6ø ilOllrcpq't) ís char-

acterized by the following independent elastic constants: two Youngrs

moduli B" and 
"V 

in the horlzontal and vertical direction' respec-

tively: two Poissonrs ratios VVH and ugH relating lateral horizontal

strain to imposed vertical or horizontal strain, respectively; and. one
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shear moilulus Gyr, contrçlt"ing the dåstortf,on oÊ a yertical. ele¡¡ent nith

sldes paralleJ- to the z andl x (or y) étxes¡r 3Lg, 5.1 schernatåcal-ly

ill-ustrates tt¡e meaning of each independent material constant.

Vlitt¡ tåe systern of coordtnate æ¡es (xry rzl coLncLcli.ng wlth the prin-

clpal material axes, the generallzed Hookers Law reads

"iJ = st1rd ok.g (5.1)

wtrere tt,fl, Ls the fourth-ra¡rk complLance tensor. Eq

erçlicit1y stated in matrix fo:m as follows:

(5.1) can be

1 utttt

Ett

vv¡t

\,

vvH

\'

0 o 0 o
:oaê

Ê

xx

vv

zz

It

-v¡ttt
I o 0 0 (t

vv
EH Ett

v u I
o o (5.2)e TfV tfv o o

E¡t E" \/
zz

¡{y

xz

yz

o
I

0 o TÊ 0 0xy

-r%r
1

0e 0 0 o 0xz 2"rrg

0 o o0 o
I

%yz

As Eq. (5.2) stands, there are seven corq>liance pararcters, Hor¡¡sver,

since the strain energiy denslty fi¡r¡ction

I
w = å sr,ksqt, or.t (s.3)
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reoainÊ nÇr*n€gatiye for al.l pOssiJele states of stressr oDê may deduce

that

sijks = sr.tùJ (5'4)

I'or the corupliance tensor of EE. (5,21, ttre aborre telation yfeJ-cls

!v¡t

Et

V¡ry
(s. s)

E¡t

Further, due to the condition of lsotropy on horizontal pJ.anes'

En
(s.6)

"o 2 (1+v )
ITH

Thus, there remain only five independent material consta¡rts in Eq. (5.2)

Moreover, the aforementíoned thermodynamÍc argument of non-negative

strain energy leads to the fotlowing ínequalities which restrict the

range of velues of the naterial constants (Hearmon, 1961; Pickering t I97O¡

Gibson, 1974);

\r,E¡r,q¡H I o (5'7)

2
-t- S vng S l-2 rvvH (s.8)

in wtrích

¡l= E"/\t (5. e)
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I nnnnpnoÅa,tßI-ø lla,to¡,ía,?-

Geotechnical engl,neers are often concerned wlth ¡lreéllctirg stresEes

and defornrations in water-saturated clays. ImnedLately after ttre appli-

cation of external loads, saturated clays behar¡e as lncornpressLble

materials. lltris is due to the very small permeabtLtty of cLays and the

relatíve íncompressibíLíty of water, cotpared to that of the porous

clayey structure. The special relatÍons that the com¡rliance parameters

of such matería}s satÍsfy [in additíon to obeying (5.5) - (5.9)J can be

obtaÍned by examining the oçressíon relating voJ-umetríc strain to

stresses. ¡'rom (5.2)

evol + e + Êxx vv zz

o d o

= (l-nvrr"-vO) :ot + n(l-2nv* ) w+( J.-nv*-vo) zz (5' Lo)
E* E¡t EH

hcompressíbility requires that evo' E 0, which leads to

IvvH= 
2

(5. L1a)

v
HH

_1r-ãt (s.11b)

l'urthezmore, the condítÍon of non-negative straín energry requires

that

O<nl4 (s.12)

which replaces the more general inequal-itf.es (5.8)'. It Ls noted that

at the upper Lùtrit, n = 4, the strain energy function vanishes indentÍ-

cally (i.e. for all conceivable applled stress systenrs). Consequently,
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the materl.al becomes absoluteJ.y q{øid and no defomations occur under

apptled Loads, (Glbson, L974¡ Gazetas., LgSI).

Rotuil,on o Ã' Co oJtdâintp.' Ãjtu

lltre elennents of the cmpJ.Lance tensor Sf,kg of, an anisotropic body

depend on the direction of the axes of the coordínate system. It Ls of

interest to know holt these compll,ance constants relate when o<pressed

in tlro different coordinate systems

rn general-, for a system of a:res (xr, ytrzr) whíctr do not coincide

wft;lr the princtpal materiar axes (x, y ,zl, ttre stress-straLn relations

may he expressed as

"ij = sljr¡ "'Lt (5.13)

where

s'lrrl sí::z sir¡s sinz sius sirzg

såzss sàzl: sLzß 
"àzzz

sàzzz

sijkl, (5. r3a)så
333

Cl
"3 3t2 s I

3313 s
3323

slnmr
s

L2L2 sïzrs sïzzs

ti¡rg sigzs

e
2323
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Let the position of the (x'r Yr, zt ) sygtem be defíned by the dlrection

cosines â., (i, j = Lt2r3) w.lth respect to the principal rnaterial
Il

system (x, y, z), where ull = cos(xr, x), a12 = cos (xrr y)r . . ',

a23 = cos (y', z), .. ., and so on. Tlre transformation of the comp1l-

ance tensor then takes the form:

tij¡.s = tir "3n uko aøp s*nop (5.14)

of particular interest in many applications is the special case of

a coordinate system obtained by rotating the principal coordinate sy-

stem about one of its axes' say y, as shown in Fig. 5-2- Calling S

the angl-e (zrz') and introducing the "technical constants[ Err EH, vVH,

vHg *d GvH, Eq. (5.14) leads to the following formulas:

A.cos 0
+ 

si"4ö 
.( ' '"*\.o"16 sir,24

Ev \ou* uu /
S

1111
(5.1{a)

El"H

I
sLzzz (s. lsb)

E
H

AA.sin'{ cos -{ / t ,u.r"\
.(Ç 

î)"o"'q 
si"2qs + (5. 15c)

3333

""
Ev

"'ttzz= þ
\""

2.cos 0

uv¡t

+

\,

sl-n
2

)

(s. rsd)

sLrzz=-Ë

/t
'irss =(;

\H

2cos
. unn
0+

E"

st-n
2

)

(5.15e)

1 2urr" 1 lv¡r

It\'
+ +

Ev

. 2. 2.
r_n 9cos q

(5. lsf )
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2.cas I sln2t
tizrz + [5.159)

G*" Gw

(;

]- 2uvn t .l-, á.sl.n o. +-sisr¡ (5.15h)+

%
+

tv G.,- nw

s2323

2. 2.cos I Sln I+-
Gwt 

"""

(s.15i)

vtut

ï)
c sín2S (s.Isj )22L3

E
H

Þ
1 1 sÍn2$ (s. r.sk)

I-213
Gvn G"" 2

(
2. 2.cos Q sLn Q

I tu*
,ù

sin2S
såsr¡ 2 cos (5.IsS)

\r E¡¡ Gv q/ 2

sirzs s (!l = 
ql"3323 '2312 o

2223
(5.I5n)

sius såzrs s3313
sisrz o

On the basis of ttre above relations the following ¡ilVa,r,Ådntï O$

t,runa{oanofrLot¿ may be deduced:

rt sìur + såsss *2sir¡s
l- l. 2uv"

=-+
It Eu It

(5.16a)

L 4vvrl
=- +

Ev
Íz sisrs asïrs¡

G*
(5.16b)
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l- 1
ï ol J- el"r2r2 ' "2323 (5,I6c)

3 GGVH HH

uvn vtrH
I

4
êt r el"rr22 "zgzz (s.16d)

"v un

Eqs. (5.15) anit (5.16) are very useful when studying the behavior

of anisotropic bodies under strêss systems whose principal axes do not

coincide wíth the principal material axes. Such cases are discussed

in Chapter 6, in connectíon with triaxial testing of anisotropic soils.

5.2 AI{ISOTROPIC YTELDING AI{D/OR FAILURE CRITERTA

"Yielding" and "failure" may be interpreted as the occurrence of

innøve¡uibl¿ derormations or of any definable d'í.6corû,r"ttttÅ14 in the

material response to stresses. A phenomenological yieliling (faiJ-ure)

criterion may be established with or without the aid of a mathematical

model. If extensive er<perimental measurements are made in all compon-

ents of the stress space, the need for theoretical modeling becomes

secondary; the occurrence of yielding (failure) can be tabulated either

in numerical or graphical form. But such a purely empirical approach Ís,

of course, very costly. A mathematical model can considerably facili-

tate the determination of yielding (failure) by reducing the number of

experimental measurements to ttrat required for the determínation of

a few key parameters.

In order to be acceptable, a yielding (fail-ure) criterion must:

(1) be independent of the choice of coordinate axesi (2) have only one



65

root for anlr radial loadíng path¡ t3) be oathematicall-y operatÍonal¡

and (4) Iead to unambiguous definition of the principal yielding di.rec-

tions. Next, some of the most prominent yiel-ding criteria for aniso*

tropic media are briefly presented and their relevance to rnodell.ng

yielilÍng of soils ís discussed.

H,Í,f,L Cft,(-tenLon

Ttre criterion proposed by Hill (1950) for the yielding of anlso-

tropic materials may be wrítten as

F(o -o ¡2+c{o -o ¡2+H(o -o----)2yy zz- zz xK xx yy

+2L 2
T + 2ytT2 + 2NT 2

1 0 (s.17)
yz zx :<y

where F, G, H, L, M, N = parameters characterístic of the current state

of anisotropy.

For a cross-anisotropic material with a vertical axis of syrnmetry

Eq. (5.17) simplifies to

r[to 6 l2 + (o* o**)2J + H(oxx - onr'
vv zz

+ 2L(f 2 2 ) + 2(F+2H) 2
T -l=0 (5. 18)+Tyz xz )<y

Furthermore Eq. (5.1-8) reduces to the Von Misers criterion if no aniso-

È.ropy exists. The material parameters wiÈh respect to the principal

axis of anisotropyr ârê obtaíned from the uniaxial yielct stresses X, Y
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anð. Z, in corapresSion, and Rr S ênd T, in shear. In the cage o.f cToSS=

anisotropic yieldlng X = Y¡ R = S and the appropriate reLations are:

x-2=F+H, z-2=2F, R-2 = 2Tt (5. Ie )

Two are the main Limítations of Hillts criterion when it is applied

to soils: (1) it assumes that hydrostatic stresses have a.bsolutely no

effect on yielding; and (2) it implies that the material is equalJ-y

sensitive to extension and compression. Nonetheless, it is possible

to develop extended forms of Hill's criterion to partly account for

material sensitivity to hydrostatic stresses and for any differences in

extension and compression. f'his was done by Yong & Silvestri (1979)

in their study of Leda Clay. They found such an extendecl Hill's cri-

terion very appropriate for modeling the brittLe failure of this sensi-

tive clay. However, it is evident that different modifications of

Eq. (5.18) are needed for each particular material. This severely limits

the applicability of the criterion to model yield and failure of soils.

A final note is deemed appropriate. Hillrs model is an extension

of Von Mises' ísotropic yield criterion which is related to the amount

of energy that is used to distort rather than change the volume of a

boily. Since in anisotropic materials distortion can not be separated

from dilatiition, Eqs. (5.17) and (5.I8) are not related to distortional

energv.

oavi't - chni'tùín'n und¡uinoÅ slhengÍh ctrÅ'tuúo n

A similar criterion, proposed by Davis & christian (l-971) as a
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s.trength criterion for saturated clays subjected to undrained loading,

takes the fo:m;

2 2ozz
ê"uV o -s

:CK +Í2xz

o2*u45
uH

s +s
uV uH

2

(s.20)
2 2 ée-r:1I"uH

where suv, su' .td =o45 are the undrained strengths for a vertical,

horizontal and inclined at 45o to the vertical compressive loading.

The main advantage of Eq. 5.20 as an undrained failure criterion lies

in its simplicity. lt has been used by its proponents to derive simple

expressions for bearing capacity of strip footings, assuming rigid-

perfectly plasÈic soil behavíor (slip-line analysís). Moreover, it is

in reasonable agreement with oçerimentally measured compressive strengths,

s,re, at various orientations 0.

Note, howevêr, that it is basicalty a plane-stress criterion as it

ignores the influence of the off-plane stress components or", t-n and

T---. Thus, its use even for plane-strain problems can at best be con-
zy

sÍdered as an approxÍmation. Furthermore, it does not account for

different strengths in extension and compression loading, and its per-

formance under complex stress paths has not been established. Finally,

accurate determination of su45 from a standard triaxial compression

test is questionable due to extraneous shear and bending boundary effects

that are generated, as wilL be discussed in detail in Section 6.L.
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coL I denkLa,t^Ko pno v CnÅ.tenî^0 n

To improrze the inadequacles of the prececling criterLa the nuuber of

ter:ms Ln the yiel-il function shoulél Lncrease so that all- stress components

are represented and linear terms (in atldítion to quaclratic) are also

included. Such a criterion has been proposed by Golrdenblat & Kopnov

(1968, 1971-).

For cross-anisotropic materials with a vertical axis of syÍfl€try,

(z) the criterion takes the fonn

[e {o** * o"r) +Rd +
rCl

,,J [r to]* +
2

d
2+Ho

vv zz

+2NT lxy

-1=0 (s. 21)

where the erq>onents are usually taken as

ct = 1, ß = L/2

The 'strengthr constants P, R, F, H' J' I, M and N are oçerímentally

determined. Notice that for pressure ínsensitive isotropic materials

with identical behavior in tension and compression Eg. (5.21) reduces

to the form of the von Mises yield criterion-

Saada & ou (1973) established the validity of Eq. (5.21) with three

different clays tested in a hollow-cylinder apparatus under combínation

of hydrostatic, axial and torsional stresses. The main drawback of

this criterion, as pointed out by lnlu (1974), is the "mixing of linear

+J(o o +o o ) + Io----o----*rtß?--' - "xx-zz -w-zz' - xx YY - xz *12)
Yz

2 ß
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anô guadlratl.c coef¡{s{entÊ and $¡bgeqn¡ent confi¡sùon in ph1æùcall¡

Ltnklng ttre model paræneters to engtneering strengthgrr' Ttre readleq Ès

referred to Ih¡ (1974) for an elaborate dlscussl,on on ttrts poLnt.

Tsa,¿-Wt S¿r¿Áó T e6on Polainirùiû. efiln¿Jîllon

An operatùonal-Iy simple yleld crlterLon for a¡risotropi.c materiatrs

has been proposed by TsaÍ & füu (t97L) in the fonn of a scalar firnction

of trro otJlength ÎtltâottÃ¿

r þrJ 
' 

= Fij otj * rilrr, oi5 or.c - L = o $.22t

Irjrk¡L=Lt2t3

wtrerein UtJ *U Ffln, are stf,engÈh tensors of the second and fourth

rank, respectively.

Using contracted stress notation, Eg. (5.221 may be written as

F. o. + F.. o. o.rr-r-lr.l -1-O (5.22a1

j-'j=lr2 6

ân interesting feature of Eq. (5.22) ls that the elernents of the stress

yieLd tensors F. and 
"íj "* be erçressed in ter:ms of engineeríng yieLd

measurements from uniaxlal and multiaxial tests. For instance,
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-1 1
Fa

îl

2

Fe

rt

x xt c

1 1

Y
(5.23)

c

zyYz

11

s s

where Xt, Xc, Yt, Yc, . r . ât'ê the uniaxial extensiOn anô cøqresSl,on

strengths Ln the x ancl y direction, respectJ-vely; t", *U S"" are the

posltíve and negatLve shear strengttts wLth respect to the x plane, as

schematicaLly shown tn Fig. 5.3. Note that for anísotropic materials wLth

lt""l / lszvl itt tootdinatesdifferent noduli in extensíon and corErression

ottrer than the princípal materíal dírections.

¡'or a cross-a¡risotropíc materíal under plane-stress condítíons $.22,

síurplifies to

-,1 =O
(s.241

Eq. (5.241 represents an el-lipsoíd in the 3-di¡nensional stress spacê (oL,

o2, ol2l. Note that, tt¡e coeffícients of all tems (excePt Ftr) can be

determined from uniar<ial tests. Ít¡e te:m ÍnvoJ.ving F' rePresents the inter-

actlon betrrreen normal stresses in ttre I anil 2 dírections. A bíaxLa1 test

ís apparently needed to evaluate Frr. For exarq>Le a biaxial extenslon test

w:tttr O, = O, = ç anct alL other stresses equal to zero would lead to

,ror * E2o2 * roorz + Fl1di * rrrol * ruuo'r, + 2r1zo:o2
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(F +!' 2F:- (F1+F2)o-1;0 (s.2s)
1l_

+

from which Fr, ì"s' readiLy obtained.

tfu (L974) has shown that the Stress Tensor Folynomial Yleld Criterion

is the most general of all currently avalla.ble criteria. It can readily

be specialized to account for different material synmetries, multi-dimen-

sional space, and multíaxial stress. Its applicability to soils, however,

has not yet been explored. Research is currently underway at Case Institute

of Technology to establish the validity of this criterion in model-ing yield

and faiture of overconsolidated clays.

5.3 A¡IISOTROPIC PI,ASTTC STRESS.STRAIN REIÀTIONS

To model the elastoptastic deformational behavior of soils one needs:

(l.) an appropriate tt {þwtt nLLe wni.dn relates the increments of plastic

strain to the applied stress tensor, once a yield surface has been reached¡

and (2) a tthañøwLn{' ttu.Lø which describes the modification of the initial

yielcl criterion (yielct surface) in the process of plastic deformation.

The most freguently used flow rule Ís the so-called t)a^^ooLalivøt'

ot t'notunøtí,tqtt rule, which states that the plastíc strain increments are

proportional to the gradient of the yield criterion:

2
o2)+

22

a .1.
r-J

Ðf (o..)
.al

â o. .rl
(s. 26)

in which I is a proportlonality constant and ftoij) is the yietd functÍon.

The normalLty rul-e implies that if the principal plastic straín incremenÈs
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A e[ I I = fr 2, 3, are Plotted pn A set of æres coinciding with the

princiBaL streÞ.g A:<es Ol , I = a, 21 3, the yector resul-tant of the pl-astic

straln incrernent il FP, will- be directed in the outward normal- to the

yleL¿t surface f (oi):

SeyeraL s'tudies harre sho¡m that the f'normality" rule is a reason-

able approximatlon for many soíIs, at least well before (ultimate) failure

ls reached (Yong, L97I¡ Yamada & Ishihara, L979¡ etc.). Thus, "normality"

is at present widely used 1n soil mechanics. Some researchers, however,

have questioned Lts valLdity and proposed non-assocíative flow rules,

where a plastic potential function g(oij) ís substituted for f(oij) in

(5,26) (I,acle t L972). Further æq>erimental studíes are needed before

definftive conclusions can be drawn.

lhree types of hardening rules are presently used:

(1) ¡tdOûtt-opìcr hardening, whích assumes that the initial yield sur-

face e>çands isotropically, retaining its original shape and orientation

in the g-climensi.onal stress space. Such a rule accounts neither for the

Bauschinger effect nor for the dependence of soil characteristics on

direction, as plastic deformation occurs.

(2) tK,tnetntLcf hardening, whereby the initial yield surface retains

both its size and shape, but is allowed to translate in the stress space.

Thl.s rule somewhat oyerestimates the Bauschinger effect and can cover only

certaln particular cases of plastic anisotropy-

(3) Conh,îneÅ ¡hÅnendt,i.e.t wd tìsol.ttop'Lct hardening, hrhereby the yield

surface changes in size and translates at the same tíme. Such rules may

realistical"l-y rnodel the Bauschinger effect and, to a certain extent, stress

induced anLsotropy.
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A new tanÎ.dotstopict haraening rule, originally proposed by Baltov &

Sawczuk (1965), has been recentl-y implemented by Botsis & Gazetas (1981)

to develop elastoplastic undrained stress*straín relations for saturated

overconsolidated clays. Motivated by the Stress-Tensor-PoJ-ynomial Yielcl

Criterion, the new rule can take the following dimensionless form:

(5.27)

with
s ô

r_l
(5.27a)rl

where S.. ís the deviatoric stress tensor, $.- denotes the tensor of total
1] J.J

translation in the stress space *d Nii*.t ís the tensor of plastic moduli.

The components of both ßr, "rd Ni3t.t tensors are functions of the

plastic strain tensor e!-. Thus, Eq. (5.27) describes a yield surfaceal
which, in the process of ptastic deformation, may increase in size, trans-

late, rotate and change in shape. Preliminary findíngs indicate that the

rule is very prornising in properly modeling the behavior of plastically

deformed anisoÈropic soils. Moreover, both strain-hardening and strain-

softening can be Èreated in a single unified way; this is very interesting

in connection with overconsolidated clays which, in general, exhibit both

hardening and softening characteristics.

*iit.t,(tij-ßij) (su,-8au) - t = o

1
5 or.ko..al
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CHAPTER 6

TESTING OF ANISOTROPIC SOil,S

Seyeral methods harre been developed to dete¡:nrine ttre anisotropic

stress-strain-strength characteristícs of soils, both ín the Laboratory

and ín-situ. Sone of these methods util-ize apparatuses that are also used

for ùoutine measurements of soil properties whiLe others, apparatuses

particularly suitable for, although certainly not restricted to ¿ testing

arrisotropic soils. lltre followíng presentatíon is not meant to be a de-

tailed state-of-the-art report on the relevant testLng procedures, appara-

tuses a¡rd recordinq cleyices, but rather an atterqrt to offer insight into

the fr:ndanentaLs of measuring anisotropic soil parameters and point out

sone of the special clifficulties lnvolved.
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6.L STA¡{DAßD TRIÐ{IAL TESTING

Undrained triaxial- tests on soLid cy1J-ndrÍcal specimens have been

used to measure anisotropLc soil paraneters since the earl-y yeaf,s of devel-

opment of the standard tria:<l-a1 test. ward and his co-workers (1959' 1965)

established the marked deformational anisotropy of the heavily overcon-

solidated London Clay (see Table 3.2) by testing undisturbed sampl-es pre-

pared so that their axis is vertical, horizontal or inclined at a 45o

angle. This method is stit-l in use today (Atkinson, L975; Mitchell, L972¡

Yong & Silvestrl I 1979; Gazetas & Botsis, 1981).

The interpretation of such test measurements is rather straight-

forv¡ard. Under undraíned conditions there are three independent deforma-

tional soil constants, namely E,r, E" and G*. The first two can be

obtained by testing a vertical and a horizontal sample, respectively. Some

difficulty arises in determining GU", since direct determination from tri-

axial test data ís impossible. A compression test is therefore conducted

on a sample with its axis inclined at some angle 0 to the vertícal, as

schematically shown in Fig. 6.1. Such a test allows the Young's modulus

E, in this direcÈion to be measured. 
",r" 

i" then computed by utilizíng

the compliance tensor transformation relations. For an incompressíble

material (ryl= L/2) Eq. 5.15a yields:

I I1 
"o=40 sirr4o

Eo üy E¡r
sirr2o .o=20 (6. 1)

"y" E/

and if \, "" 
and EU are knor,rn, then GV" i" for¡nd from Eq. (6.1-). Gibson

reconur¡ends the choice of g = 45o.
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fhe preceding analysis, howeyetr, lgno¡es the difficul.ty i,n rellably

estimatùn9 E, from triaxial compression tes-ts on J.nclLned specfonen$. In-

deed, as' polnted out by Pagano & Halpin (1968) and by Saada C1970), extra-

neous bending moments and shearing forces are generated at the two ends

when an incl-fned specimen is tested between two rígid and rough platens.

Such end effects, whose importance Lncreases with increaslng degree of

anisotropy, are likely to appreciably influence the computed vaLue of Er.

To understand how these end effect,s are generated, consider a speci-

men cut at an angle 0 to the axis of material- slrnunetry z and subjected to

a uniforrn normal stress orr = p (riS. 6.21. Ttre deformation of the speci-

men with reference to coordinate axes xr, y and z' are obtained by means

of Eqs. (5.1-4) (5.L5):

Ê = p s'1133 Êxry = p s'Lr3'x

e = P såzss cxrz, = P Si¡S: (6.21
v

è2, = P sås¡s tyr, = P så¡¡:

Thus, not only normal but also shear strains are generated due to the non-

coincidence of the principal material and imposed-stress axes. Of parti-

cular concern is the shear strain Ex,z,, governed by the shear coupling

complianc" SïSSS which is obtained from Eg, (5.15). Because of these

strains the initially right cylinder deforms into an oblique-angle cylin-

der, as shown ín Fig. 6.2.

However, the end platens of a triaxial apparatus constraln the upper

and lower boundaries of the specÌmen to remain horizontal. As il-l-ustrated

in Fig. 6.2, the application of unl,form vertical end displacements induces
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bending momentg, which in turn reguire balancing shearing force5, As a

result, a compll.cated non-uniform state of stress devel-ops in the material

and the speclmen deforrns as shown in the figure. Thus, the rneazured

modulus
*pE; = (6. 3)

êzt

is not the Youngrs modulus

In fact, the ratio

E, obtained in a purely uniaxial strain test.

Ee_T
Ee

n (6.4)

depends on the material properties, ttre angle 0, and the Length-to-radius

ratio of the inclined specimen. A crude estimate of this ratlo has been

obtained by Pagano & HaIPin (1968):

6 så:s: uo
(6.4a)t] "r1-

6 s)szt

Ttre compliance parameter= Så¡SS .td Så¡Z¡ are determined according to

Eqs. (5.15). It is evident that the error decreases with increasing L/R

ratio (slenderness) of the specimen, but wíthout knowing á priori the

soil constants (especially E0) it is difficult to assess the size of the

error. Therefore, triaxial testing cannot l-ead to accurate evaluation of

the shear modulus GU". Yet, it is known that G* may exert a great influ-

ence on the distribution of stresseg and deformations in anisotropic soils

subJected to founilation loading (Gazetas, L981¡ Burl-and et aI, L977).

Appendix I presents and evaluates, on the basis of oçerimental evidence,

+ L2
2

R

I

"o
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a relatienghi¡r betwe*r nyu and th.e attrer ,f,p.ur lndependent SSål const4nts'

lltris relation ¿ppears to be quite satls'factory for cLayey sotLs. and tts'

use, in lieu of the GO" com¡ruted from the rueasured EUr seerns qulte reason-

abl-e.

û¡tní:n¿d. Ufax¡nt tø6ü. lfhese tests' present the added ctifflcul-ty

of measuring Poisson I s ratLos vfi" anil v{" , Since rei"ia-bLe measurements

of lateral- strains are not routinely performed during triaxial- testing,

the theoretical relations between draLned and undrained el-astic constants

proposed by Uriel & Canizo (l-971) can be utilized in prelirninary compu-

tations. Assuming cross-anisotropic soil skeleton and incompressibility

of the fuJ.ly saturated soil, these relations are:

2
t" 2(n'-n'uån-2vùv) (6.5a)

11 =-= zE, (2+n'-4vfo-2vfi") (1-vfi"-v*)

Eu 2*n'- uriu-2uå"
2 (6. sb)

Ei (2+n'-4vüv-2våH) (r-vi"-v*)

nt ,;^/\, (6.5c)

where the prime denotes effective-stress (drained) paraneters. fhus, after

measuring S and Eü from drained tests on horizontal and vertical

specimens, Eqs. (6.5) can be used to solve for vfi" and vfu, if the un-

drained moduLi E" and EV are known. lltre reailer l-s cautioned, however, that

no extrrerimental verificatlon of Eq. (6.5) has been documented,
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6.2 RESONAT{T COIJ'}!N TESTS

Resonant-co¡¡mn tests are partlcul-arly well suited for rneazurl.ng

Youngts and shear moduli at low levels of strain. Either compression or

shear h¡aves are propagated through solicl or hol-low cyl-indrical specimens '

1[he exciting frequency is adJusted until the specimen resonates' lltre

appropriate modul-us is then computed from the resonanÈ frequency and the

geometric properties of the specimen and the driving apparatus (!foods,

1978) .

yor:.ngt s moduli E" and Fo are determined from Èhe resonant frequencies

of horizontal and vertical specimens subjected to longitudinal waves- ft

is usually assumed that such r/üaves propagate at velocities C" = qh

and C., = [-nU/ø . This, however, is only approximately true when the

wavelengths involved are very large compared with the radius of the speci-

men. In general, due to Poissonrs effect, secondary lateral vibrations

may also take place and influence the "effective" velocity. A better esti-

rnate is obtained by multiptying the above values of C" and C' by a comec-

tion factor
2.1ir

t

ô=l-v (6.6)

where: R = the radius of the cylinder; À, = the wavelength (= C/fr) i

and f = the resonant frequency (ín cps). For vertical samples the Poissonrs
t

ratio v is equal to VU*r but for horízontal samples Poissonrs ratio varies

from V to v A reasonable approximation is to take v = ) /2.
TfV HH

The shear modulus GVH .* be directly obtained from the resonanÈ

frequency of a vertical specimen subjected to torsional oscl'llation. The

(u**u""



82

velgcfty' of the ¡esulting s]rea.r \dalres is c" = ,%/e. No secondary

waves.are propagated and, therefore, GVH is cll.rectly and reLLably evalu*

ated by this procedure.

6.3 TRITE TRIÐ(IAL TESTING ON PRTSUAÍIC SPECI¡{ENS

Numerous true triaxial devices have been developed in recent years

to overcome the limitations of the standard cylindrical triaxial testing.

They use prismatic specimens of cr:bic or parallelepiped shape and allow

three principal stresses to be independently applied by means of three

pairs of rigid platens or flexible membranes or a combination of the two.

These apparatuses are very well suited for studying inherent as

well as induced anisotropy of sands and clays, since they allow any direc-

tion of deposition relative to the applied principal stress directions.

Moreover, the range of stress paths that can be imposed on a specimen

is much larger than in the conventional t,riaxial ceIIs.

Several investígators have used true triaxial cells to study the

anisotropy of artificially prepared sands (Arthur & Menzies, 1972; Tatsuoka,

L976; Yamada & Ishihara, 1979') or natural clays (Yong & Silvestri, L979).

It is noted, however, that these studies cannot directly lead to an evalu-

ation of the shear modulus GU".

Moreover, most of these devices are mechanically complex and require

special care in preparation and placement of the specimen. Non-uniform

states of stress are generated if the load is applied via rigid platens¡

and the relatively short distances of the center of the specimen from such
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boundaríes do not allow the beneficial Saint Venant effect to take place.

Saada et al (L980) has presented a chronol-ogical devel-opment of

the true triaxial testing devices wlth a discussion of their advantages

and limitations.

6,4 HOLLOTV CYTINDER I'NDER AXIAT, AND TORSIONAT, STRESSES

The ldea of subjecting thLn and long hollow cylindrical specimens

to cornbined axial and torsional stresses offers perhaps the most raÈiona1

(from a mechanics point of view) method to evaluate the anisotropic stress-

straLn-strength characteristics of soils and to study the effects of rota-

tion of the principal stress axes on varlous soil parameters. This idea,

apparently being first introduced in the 1930's, has been extensively

utilized in the Soil Mechanics Laboratory of Case ïnstitute of Technology

by Saada & his co-workers since 1965 (Saada, L967¡ 1970; Saada & Ou, L973¡

Saada & Bianchini, 1975). The reader is referred to these publications

for rnore detaÍled information.

To avoid all extraneous bending and shear end effects that develop

when inclined specimens are tested in axial compression or extension, the

specirnens are kept vertical, while the inclination of the principal stresses

may be arbitrary. To perform meaningful strain measurements, the inclina-

tion of principal stresses is kept constant. The principal strains,

however, assl¡me a different direction depending on the anisotropy of the

soil, the m¿gnitude of the applied stresses and, of course, the inclination

of these strresses relative to the principal axes of material syrrnetry.

This is achÍeved by keepl.ng the ratio of a:rial to torslonal stresses con-

stant ilurLng a test. As indicated in Fig. 6.3, the direction of the major
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principal stress in a thin and long ho1low cy.liniler initially consoli-

dated under the same inner anil outer cel-l pressure and then subjected

to additional axLal and torsLonal loadíng is given by the angle 0:

, 2f
e=+arcranl'0"

o
z

(6.7)

Thus, 0 remaLns constant rf rrr/o', is kept constant. By changing

the value of this ratio an unllmited number of inclinations can be

investigated.

rÈ is noted, however, that the inte.rmedl.ate pri.ncipal stress Ls

always acting in the radiaL ilirection, a2= o"r and is always equal to

o0 (both are equal to the cerl pressure). rt is also fair to say that

preparation of thtn hollow cylinder specimens is more complicated than

that of stand.ard triaxial testing. Also sample disturbance is certainly

greater with hollow than with solid specimens.

6.5 IN-SITU MEASUREI\4ENTS

rn principle, many field techniques that are currently empl_oyed to

evaluate deformational soil parameters in-situ (such as seismic cross-

hore, up-hole or down-hole surveys, surface wave techniques, torsional

or shear footing vibration methods, etc.) can be adapted to yield infor_

mation regarding anisotropic soil properties. For example, by generating

vertically or horizontally polarized shear \á¡aves from a seismic source in
a borehole' one may be able to estimate G* or G"", respectively. Hoar &

Stokoe (L977) have described such a source consisting of a torque rod
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and torlque foot and placed near tt¡e bottm of a borehole. uslng the

torque foot wi.th a torsion lmpuJ.se, horizontall.y polarLzed shear waves

(SH-tcaves) are generated, while using an open pipe wlth a vertical impact,

vertically polad.zed shear wã\les (St/-waves) are generated ln the soil.

{¡¡parently, howevetr, such t'ec}rnlques har¡e not yet been f,ully

oploltecl to study defo:mati.onaL sol,l anLsotropy l-n-sítr¡.
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APFE¡T$I

For many types of soLlE the folloring relatLonstrtp has been fou¡cl

to approxlmately ho!.d between shear ¡noilulus Gy" andl the otller elastLc

constants:
2

DrrDgg - Drg (A1)G*
D1¡*2D13 + Dgg

ln trhi.ch

E
Dtl = ir (1-n

a

2
uvtt)

D12= þ,"ufu+v"")
a (A2)

E{ v* (1 + vo)Dl3 =
a

D33 = 5 rt*il)
a

2
a = (1t1"") (1-vutt-2nv*)

For an isotropl.c materialr uV" = vlül = v -td 1, = E" 3 E and Eq. Al

reduces to the well known relation betwèen rnoduLl and Poissonrs ratio of

isotropic nedia¡

2GvH = 2G = E/ (L+v) (43)

Moreqver, for an Lncøu¡rresslbl-e materl,aL Eq, Al slrnplifles to

qyït

Et

I

4-n
(A3)
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Ítre yalùdùty of Eq, Al tras been trerifl.ed by means of nr¡nerotrs pub-

Itshed ex¡reriruental élata wt¡ùch are sumnari.zed in Table AI on the next

page. ltstng the reporteil values of n, uy', vHH and EUr shear mocluLL

we?e conputed frsm E{, Al or Eq, A3 (r'¡trLcherzer rÍas approprLate); these

¡nodtull are also ÉlepI,cteél Ln the TabLe for comparison with the e:çrerímental

Tal,ueg'

Íhe perførzuance of Eq, A1 (sr A3) appears to be quLte sati.sfactory

andl thusr tt ls recour¡endled that lt, be usecl fo¡r estimating the shear

modulus of ani.sotropfc solJ.s, whenever appropriate experi.mental measr¡re-

mente afe not svailable.



97

TABLE A1

I s:. i itra L

Descrlptlon of SolI-
Conputed

(Eqn 6)
cv'/Ev

HEÀVI,LY OVERCONSOLTDATED

LONDON CLAY (Ashford)
(Undralned Loadlng)

1. Depth - 30 ft 0. 355

0. 41

0.46

2. Depth - 50 ft
3. average of all

eampLes

HEAVILY OVERCONSOLIDATED

LONDON CLAY (Barbfcan
Arts Centre).

(Dralned Loadlng)

0.553

LICHTLY OVERCONSOLIDATED

KAOLINITE CLAY
(Florfda Edgar Plastfc
Kaolin).
(Undrained Loading)

1. ot = 40 psi.c water content
= 40.72

0.364

2 ot =c
60 psi,
water content
= 38.7%

0. 378

NORMALLY CONSOLIDATED

ILLITE CLAY (Gruodlte)
(Undråfned Loadfng)
1. or = 70 psf,

" w = 29.5%

2. ot = 60 ps1,
" w = 38.L%

0.353

0.310

COLORADO CLAY S1TALE
(Dralned Loading) 0,524

SENS ITIVE , NAÎURALLY
CEMENTED CHAUPLÀIN
SEA CLAY (Canada)

(Drafned Loadlng)

0.187

(1) EetùDated fron E45o ueÍng equatfon (21) of Glbson' 1974.

(2) Estlmated by the Author fron undrafned teste on the basfs of the theoretical
foruulas of-Urlel & Kanfzo (197L)' as explalned 1n Appenillx At

Reference
uvt{ vm{ cvu/Ev

Measured values

¡r

I{ard et al. (1959)

I{ard et aL. (L965)

cibson (1974)

r. 35

1.59

1.80

(1)

(1)

(1)

0.50

0. 50

0.50

o.325

0. 205

0.08

0. 35

0.37

0. 38

Arklnson (19i5) 2.00 0.19 0.00 0.536(2)

Saada et al. (1978)

L.25 0.50 0.375 0.356

L.355 0.50 0,322 0.362

1.17 0.s0 0.41s 0.355

l.t3 0.50 0.436 0.322

Bfanchinf (1980)

Kaarsberg (1968) 1.38 0.L97 0.266 0.423

0.62 0.3s 0.20 0.2 0s
(1)

Yong et al. (1979)
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